[Solution] Theoretical Question 2
Motion of an Electric Dipole in a Magnetic Field

(1) Conservation Laws
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(1a) o = 5(71 +72), o = 3(01 + B), £ =7

Total force F on the dipole is
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so that . .
Mﬁ’(;M:qﬁxB (M:2m)

Computing the torque for rotation around the center of mass, we obtain

@)x@ﬁx@+<é®xﬂﬂ@x®

=l x (Gop x B)

1%

where 1
I = -mf?
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(1b) From eq.(1), we obtain the conservation law for the momentum:
P=0, P=Micy—qlxB
From eq.(1) and eq.(2), one obtains the conservation law for the energy.
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E=0, E=_Muviy+-Iw?
2 2
(1c) Using eq.(4) and eq.(2),

d 3 7 S
5 (Tem x P) - B = (Tom x P) - B = —qcu % ((x B)- B

we obtain the conservation law
J=0, J=(feyxP+1IJ) B
for the component of the angular momentum along the direction of B.

(2) Motion in a Plane Perpendicular to B
(2a) Write

['=t{cosp(t) & +sinp(t) i},  0)=0,  $0)=wp

Note that



From eq.(4), we have
Mcy = P+ gfB(sin o & — cos ¢ 9))
At t =0, we have vopr = 0, ¢ = 0 so that
P =qlBj

Hence from egs.(9) and (10) we have

Tonm = ‘B sin on = (18 (1 —cos )
oM =\ 7 ) sme yem =\ 7 ¥

From conservation of energy, i.e. Fq.(5), we have
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—Ip? + (1 —cosg) = ~Iwd
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2, 1 o 2
O+ 5%(1 —Cosp) = wj

where
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In order to make a full turn, ¢ can not become zero so that
2qB

wg > w? = |wo| >we=

(2b) From FEq.(6), we have
xomP 4+ Iw=1J

where P is the magnitude of P.
At t =0, we have J = [wg so that

o P 4 Tw = Iwy
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From eq.(12), one can see that wg > w? so that oy > 0. Thus zcop reaches a

maximum d,, when w takes its minimum value.

When wy < we, the minimum value of w is —wg so that

21 mw
dm = Fwo = (q_BO> E’ wo < We

When wy > we, the minimum value of w is \/wg — w? so that
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When wy = we,

w? = 5(»3(1 + cos p) = w? cos? g
© = W, COS g
When ¢ is close to m, let ¢ = 7 — 2¢ then
e = —§wcsin5 ~ —iwca
—wet/2
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so that it will take t — oo for € — 0, i.e. for ¢ to reach m. Hence

I mMwe
dm = <P> We = <2qB) E, Wy = We (].9)

(2c) Tension on the rod comes from three sources:
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(i) Coulomb force = e Z—Z (20)
Positive value means compression on the rod.
1
(ii) Centrifugal force due to rotation of the rod = —§mw2£ (21)

(iii) Magnetic force on the particles due to the motion of the center of the mass

= qiop X B+ (—0) = qicnr - £ x B

Taking the square of both sides of eq.(4) and using the initial condition for the value
of P2, we obtain
1

s =]
§MU%«M = qlvopn - L x B = §I(w8 —w?) (22)

Combining the three forces, we have

1 2
tension on the rod = 4

1
Tneg 2 mlw? + zmﬂ(wg —w?) (23)
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A positive value means compression on the rod.



