Marking Scheme — T1

(Full Mark = 20)
Part Model Answer Marks

Al 2

The potential energy for N = 2 is:

Ep(a) = Mg - Yo (0,0) x4+ Mg-Ay x2 (0.5 points) - Eq. (1)
where
Yem.(0,0) = —@ sin (% + a) (0.5 points) - Eq. (2)

is the y coordinate of center of mass of triangle (0,0), and

Ay = YA(0,1) — YA(0,0)
= -1 [Sin (% + a) + sin (% — a)]
= —V3lcosa (0.5 points) - Eq. (3)

is the translational difference of two neighbouring triangles in y-direction. Solving Egs.
(1), (2) and (3), we obtain

Ey(a) = —%Mgl (4\/§C05a + 3sin a) (0.5 points) - Eq. (4)

A2 1

Ep

restoring torque=—dEyp /da

I
L 5 a

OE 60°

At equilibrium, the potential energy reaches a minimum, which gives:

dEd"io(f) =0 (0.5 points) - Eq. (5)
a=ag
V3sinag + 3cosag =0 - Eq. (6)
or
3
ap = tan™ ! \4[ (0.5 point) - Eq. (7)
A3 5

If the total energy of the oscillation has the following form

E(Aa,Ad) = By, + B = 1 K(Aa)? + $1(A&)? , (0.5 points) - Eq. (8)



where E;, and Fy are the potential and kinetic energies of the system respectively, then
the motion is a simple harmonic oscillation with angular frequency w = /K /I. Here
Aa = o — ag. Under a small perturbation, the potential energy change is:

L TE,

AE, ~ (Aa)?

a=ag

2
— (; <3Mgl> (4\/§cosozE +SSinaE)(Aa)2
= YT Mgl(A)? (1 point) - Eq. (9)

The total kinetic energy of the system includes the translational kinetic energy of every
plate and the rotational kinetic energy of every plate relative to its center of mass

Ey =" Efrans 4 5 prot - Eq. (10)

The rotational kinetic energy is
S EPt = %MT(Aa) tM1*(A&)? (0.5 points) - Eq. (11)
EfrScan be obtained by considering the motion of the center of mass of each triangle

and setting N = 2.

l
Tem.(mmn) = M(2l cos a) + n(2l cos @) cosg + —=cos <a + %) ,

V3

Yem.(mn) = —(2lcosa)sin § — % sin (o + %) . (0.5 point)

Differentiating and substituting

: _ /3 _ 4 T\ 7 T\ _ 3V3
smoe—m,cosa—\/ﬁ,sm(a—l—G)—2m,cos(a+6)—2m,

. 7 3 ) . 3(2n —1 i
Lem.(m,n) = — (2771, +n+ 6> \/?ZAO% Yem.(m,n) = (2\/E)ZAO‘

2 -2 -2 12m+-6n+7)“4-27 ;2 .
Uc.m.(m,n) = mc.m.(m,n) + yc.m.(m,n) %l (Aa) (1 p01nt)

rans M 2 2 2 2 6 2 ©\2
B = - |:Uc.m.(0,0) + Vem.0,1) T Yem.(1,0) T Uc.m.(1,1)] = — MI*(Ad)".

Etrans EtrIaILInSk + Erot — Z%AILZMZQ(AO[) (1 point)

Alternatively, another way to get E*®" is based on the center of mass of the whole
system:

B = Y B 4 B, (0.5 points) - Eq (12)
where
rans M 2 2 2 2
E;D,g,l: =72 Ur.c.(O,O) + Ur.c.(l,O) + Ur.c.(O,l) + Ur.c,(l,l)] - Eq. (13)

is the translational kinetic energy relative to the center of mass of the system and

By =402 - Eq. (14)

c.m. k c.m.

is the translational kinetic energy of the center of mass of the system.

The center of mass of each of the 2x2 = 4 triangles always form diamond shape with
lateral length 2/ cos o«. The center of mass of the whole system is at the center of the
diamond shape. Hence

d(+/3l cos o .
Ur.c.(0,0) = Vrc.(1,1) — (da) Ad
a=ag
Vrc.(1,0) = Vre.(0,1) = d(lzzsa) e Ad - Eq. (15)




Substituting Egs. (14) and (15) into Eq. (13), we obtain
B = 4sin o MIP(Ad)? - Eq. (16)

trans
For Eclm_’k7

Ad - Eq. (17)

a=ag

2
o = (25 + (S5

is the velocity of the center-of-mass of the four triangular plates, with

Team. = Tem.(0,0) T % (33B(0,0) + Q?A(l,o))

= @ cos (% + a) + %lcosoz - Eq. (18)
Yem. = Yem.(0,0) T %AZ/

= —@ sin (% + a) - @lcosa - Eq. (19)

Substituting Egs. (17), (18) and (19) and into Eq. (14), we obtain

B = (2 +10sin? ap) MI2(Ad)? (0.5 points) - Eq. (20)

cm.k —

Combining Egs. (12), (16) and (20), we obtain
B = B + B8R + B

= <2 + 14 sin? aE> MI?(Aq)?

= 3T MI*(Ad)? (1.5 points) - Eq. (21)
According to Eqgs. (8), (9) and (21),

V57 Mgl 38v/57 .
f= ;ﬂ@ = % 315% (0.5 points) - Eq. (22)

[Note 1: 0.5 point should be deducted if there are numerical mistakes, but all steps
are correct.

Note 2: A rough estimate of f ~ \/% can get 0.5 points out of 5 points.]

B1 3

For arbitrary N, the total potential energy

Ey =Y 0L Ep(m,n) - Eq. (23)
where
1
Ep(mvn) - §Mg [yA(m,n) + YB(m,n) + yC(m,n)} - Eq. (24)
(0.5 points for Egs. (23) and (24))
and

YA(mn) = —nl sin (g - Oé) — nlsin (g + a) = —v/3nlcosa

YB(m,n) = YA(mn) — [Sina = —V/3nlcosa — Isina

YC(mn) = Ya(mm) — Lsin (5 +a) = —V/3nlcosa — Isin (53+a) - Eq. (25)
(0.5 points for all three correct coordinates)

Thus,
Ey(m,n) = —+Mgl [3\/§n cos o + sin o + sin (5 + a)} - Eq. (26)



and

N-1
Ep = Zm 0 Ep (m, n)
= —%Mgl EN_I [3V/3ncosa + sina + sin (5+ @)] (0.5 points) - Eq. (27)

m,n=0

Using the mathematical relations
N-1 N-1
Zm:() 1= Zn:O =N

S gm =Y N n = MY - Eq. (28),

and

Eq. (27) becomes

1
E, = —§N2Mgl

3vV3(N -1
[\f( 5 )Cosa+sina—|—sin(g+a)

or = —%NQMgl [w + 2sin a} (1 points) - Eq. (29)
At equilibrium, dd% = 0, therefore
3V3(N—1)sinaj 4 ’ - I\
— SRR ¢ cosa +cos (54 ag) =0 - Eq. (30)
oy = tan~! (%) (0.5 points) - Eq. (31)

[Remark: Increasing o lowers each triangle relative to its vertex A, but
globally raises the system, i.e. the bottom tube is raised higher. When
N — oo, the global displacement dominates, consequently o — 0.]

B2 3

Under a small perturbation, the potential energy change, according to Eq. (29) is

1 dzEp 2 3 _ .

AE, ~ 5 53 , (Aa)®~N” or y1 =3 (0.5 points) - Eq. (32)
Oé:OéE

[Remark: There are N? triangles and the y coordinate of the total center of

mass is proportional to N, hence E, ~ N3 and v; = 3. Using this argument

to derive the correct v; can also get 0.5 points.]

The kinetic energy of a triangle includes the translational energy of its center of mass
and the rotational energy about its center of mass. Hence the total kinetic energy of
the N? triangles is

Ek = Zm,n Ec.m.(m,n) + me Er.c.(m,n) - Eq' (33)
where
2 . .
Epc(mn) = sME(AG)? = 5 MIP(AG)? ~ 1 - Eq. (34)
and
M 4
Eem.mn) = 5 Ve (mn)
A y)2 d cm.(m,n 2 d cm.(m,n 2 :
= M(zo‘) [( Lt >> + (%) } (0.5 points) - Eq. (35)
a:afE
Since

V3l T
Tem.(m,n) = LA(m,n) + T COS (6 + O[)

l l
= (2m+n)lcosa + g cosa— \/6§sina



and

NEEZ
Ye.m.(m,n) = YA(m,n) + T S (6 + a)
= V3nlcosa + @cosa—i— Lsina - Eq. (36)
(0.5 points for correct x and y)

d cm.(m,n 1
Hem.(mn) _ [—(2m+n)sina—2sina— \ggcosa] l

do
d 3 1
Lem.(mn) = |—V3nsina — isina—k —cosa|l
do 6 2
we have
4m? + 4n? + dmn + 2m + 2n) sin? o
E.pm :lMﬂA'z( B - Eq. (37
cm.(mn) 2 (Ad) —I—%ﬁ(m — n)sin of; cos o'y + % a (37)
Since oy ~ + in Eq. (31), we have
Eem.mn) = A~ NZ. ﬁ +B-N-x+C~1 (0.5 points) - Eq. (38)

According to Egs. (33), (34) and (38), we have
Ek:Z Ecmmn +Z ErcmnNNXNX1NN2

or yg =2 (0.5 points) - Eq. (39)

[Remarks: Ei ~ N2 because there are N? triangles, each contribute E; ¢ (m,n) -
(relative-to-center-of-mass kinetic energy) and E¢,.(m,n) ~ 1 (center-of-
mass kinetic energy).]

Note that E;. (m,n) ~ 1 is true for arbitrary o while E. , (m,n) ~ 1 is only true for
the special case of af, — 0 or N — oo.

Therefore
1~ ,/% ~ VN
or y3=0.5 (0.5 points) - Eq. (40)
C1 1

The minimum force should act on the farthest triangle (N — 1, N — 1), whose motion
can be decomposed into the motion of the center of mass and the rotation around the
center of mass: U = Uem. + Urot- As shown in the figure, U;ot of vertex C makes the
smallest angle relative to the direction of ¥y, near oy, = 7/3. Hence its displacement
is the largest and its corresponding force is minimum, i.e. the minimum force should
act on vertex C(N — 1, N —1). (1 point)




[Remarks: A rigorous calculation is given in Appendix 3.]

C2 5

At o = oy, = /3, a small change in « will change the potential energy by:

dE
AEy(am) = TaP Aa
1 3vV3N 3
= §N2Mgl [(g - \/§> sin oy — 2cosam] Ao
= 3(N —1)N?MglAa (1 point) - Eq. (41)

The displacement of C(m,n) point is

Arc(mn) = — {(2m + n) sin oy, — sin (g + amﬂ [Aa
= WZAQ (0.5 points)
Aycmm) = — [\/gn sin ayy — cos (g + am>] [Aa

= %ZAQ (0.5 points)

For C(N-1,N-1), Ar = \/(Ax)? + (Ay)? = (3N — 2)(IA«a) . (1 point)

Hence Ap
Fonin = S2tem) = SIS Mg (1 point) - Eq. (42)
and
A 1N—
Op,. = tan—! [ Yo(N-1,N 1)} g
Al’cw 1,N-1)
= —tan! ‘[ +7 =2 (1 point) - Eq. (43)

[Remarks: This Of_ . is not perpendicular to the C(N-1,N-1)-A(0,0) di-
rection because of the constraints of the tunes, e.g. A(1,0), A(2,0), A(3,0),
-, are also the holding points.]

N/A
Appendix 1:

(a) Calculation of the exact E,, Ex and ff; in Parts (C), (D) and € for arbitrary N
Under a small perturbation, the potential energy change is

1 d’°E
AE, ~ 5 da2p / (Aa)?
Oé:OéE
3V3N 2[ 3 (Aa)?
2 / o /
3N Mgl (2 os oy + 2 51naE> 5
= VIBN 2P N2 0 gi(Aa)? _Eq. (44)

The kinetic energy of a triangle includes the translational energy of its center of mass
and the rotational energy around its center of mass. Hence the total kinetic energy of
the N2 triangles is

Ex = me Ec.m.(m,n) + Zm,n Er.c.(m,n) - Eq. (45)

where

2 . .
Erc.mm) = 315 (A&)* = 5, MI*(Ad)? - Eq. (46)



and

a=ag
Since
Team.(mm) = TA(mm) T @ cos (% + a)
= (2m +n)lcosa + %cosa - Tsina
and
V3l o
Yem.(myn) = YA(m,n) ~ 5 SID (g + a)
= —v/3nlcosa — ‘[l cos v — é sin «
Hence,
dxc'l:il'oimm) = [—(Qm—}— n)sina — %sina — ?Cosa] l
(W = [—\/gnsinoz + \ég sino — ;cosa] l
We have

Ec.m.(m,n) = %MZQ(AO‘)z

(4m? + 4n® + 4mn + 2m + 2n) sin® of
+ 2\/5(
3

m — n)sin af, cos o + 3
and
Ekzzm Eem (mm) +Z Es c.(mn)
_ [é(nz\f—l)(l\f—l)sm af + ]N2M12(A0‘)

1IN 1)(N—
= [(2(3N )2() L+ 24} N?MP(Ac)®

With Egs. (44) and (50), we have

B 1 7\/3(3]\152)24—9]\72]\491

fi= =
2 (1IN-1)(N-1) 5
- [ IN-LWD) ﬂ] N2MI2

1 2¢/3BN=-2)249 4
T 2w 12(1IN-1)(N—-1) l
[ )

(b) Center of mass movement of the whole system
According to Eq. (48), we have

me xc.m(m,n)

Lem.(sys.) (Oé) - N2

Zm,n [(QWL +n)lcosa + %cosa — @ sin o

N2

<3N—2> NG
= 5 lcosa—Tsma

- Eq. (47)

- Eq. (48)

- Eq. (49)

- Eq. (50)

- Eq. (51)



and
Em,n yc.m.(m,n)
N2
Yo [\/gnlcosoz + @ cos o + %sina]
N2
= — (38=2) V3l cosa — Lsina - Eq. (52)

Ye.m.(m,n) (Oé) =

Eq. (52) is the trajectory of the center of mass for the whole system, which is not a
straight line.

N/A

Appendix 2: Calculation of the moment of inertia of a triangular plate

An equilateral triangle with lateral length [ can be divided into four small equilateral
triangles with lateral length /2. For the central small triangle centered at ¢y, its
moment of inertia is

I = B (1)? - Eq. (53)

For the non-central small triangle centered atcg, chand ¢,
L =1 +%d - Eq. (54)

where d = 1/31/6 is the distance between the centers of triangles 1 and 2. The second
term is from the parallel-axis theorem. The moment of inertia of the whole triangle is
the sum of the moment of inertia of the four sub-triangles:

BMI® = 4 x BM (L)% 435 M g2 - Bq.(55)

Thus
B=1 - Eq. (56)
N/A

Appendix 3: The minimum force corresponds to the maximum displacement of the
exerting point of this force.

Consider the position of vertices A, B, C of a triangle (m,n) :

TA(mn) = (2m +n)cosam
YA(mn) = —V/3n.cos am |
TB(m,n) = (2m +n + 1) cos o

YB(m,n) = — (\/gn COS iy, + sin am> l

TC(mn) = [(2m + n) cos ay, + cos <g + amﬂ l

Yc(mmn) = — [\/gn cos ap, + sin (5 + am)} l - Eq. (57)



Taking derivatives on o on the above coordinates we get

@m+n)v3

5 [Ax

AT pA(mpn) = —(2m +n)sinoy [Aa = —

AyA(m,n) = \/gn sin oy (lAOé) = %ZAOJ

(2m +n + 1)‘/§1Aa

Azpnn) = —(2m +n+1)sinay lAa = —

2
—1
AyB(m,n) = — (—\/gn sin oy, + cos am> Ao = 3n Ao
_ . . (T  (2m+n+ 1)V3
Azcmn) = [—(Qm + n) sin ay, — sin <§ + am)] IA= — 5 1Aa
Aycimm) = — [—\/gn sin ayy + cos (g + am)} IAa = (3n2+1)lAa - Eq. (58)
For Ar = /(Az)? + (Ay)?, we have
Arp(mn) = V3m?2 + 3n2 4 3mn(I1Aq)
ArB(mn) = \/3m2 + 3n? + 3mn + 3m + 1(lA«)
ATGmmy = V3m? + 302 + 3mn + 3m + 3n + 1(1Ac) ~Eq. (59)
Thus we find
Arc(mvn) > ATB(mm) > ATA(m,n) - Eq. (60)

Therefore, we should choose point C of the triangle (N — 1, N — 1) to obtain
Arpmax = (3N — 2)IA« - Eq. (61)

so that the force is minimal.



