Theoretical Question 2: Ray tracing and generation of entangled light

Part A. Light propagation in isotropic dielectric media
A.104 pt

Ans: \/le

Solution:

From k x E = wB = wuoH and k x H = —wl_j one obtains k x (E x E) = —w?puoD.
By using the given identity Ax (B x C) (A C)— C’(A B) ne finds k x (k x E) =
k(k - E) — k*E. Since Dk =0 and D = ¢E, we find k x (k x E) = —k?E and the
relation k x (k x E) = —w2poD reduces to —sz = —w?ugeE.

Now the phase delocity is determined by M = 0, we find that the phase velocity
Up = fl;f = :k Clearly, we have ¥ = \/W' Hence vp = \/l%.

A.2 0.2 pt

Ans: c,/ge

Solution:

From v, = \//% = -, we find n = ¢\/oe

A.3 04 pt

1

Ans: k, v, = v, = Thine

Solution:
To find the speed of the ray, we ﬁrst note that the direction of the energy flow, given
by the Poynting vector S=Ex H is in the same direction of k. The electromagnetic

—

energy density u = ue + Uy, With u, = éE D and u,, = éB H.

Now, from kEx H = —wﬁ, one has D = —il% x H. Hence ue = —%E kx H =
ﬁfﬂﬁx H. Similarly, from Exﬁzwg, we find u,, = 2v Bk x E: %l;: Ex H.
Henceu:il%-E_’xB’. Weﬁndvr:S/u:vp:ﬁ.

Part B. Light propagation in in uniaxial dielectric media

B.1 1.5pt

Ans: n =n,, B=+kxgj= +(—cosf,0,sin0), D=+jorn= Loflle

\/ng sin2 0+n2 cos2 0’
B=xj, D=+jxk= +(cosf,0,—sinf). For § = 0, there is only one permitted
value for the refractive index
Solution:
From k x E = wpoH and kx H = —wD, one obtains k x (E X E) = —w?pyD. Writing
out components and using w = ~k, we find

2

—cos?0F, + cosOsinE, = —n—gEm,
n
2 2 ny
. o
—cos” 0E, —sin” 0, = _ﬁEy’
n2
—sin?0E, + cossin0E, = ——;EZ.
n

After a bit rearrangement, we obtain

n2
(1),

2
<Z2 cos 9> E, +cosfsinbE, =0

n?
cosfsinbF, + < — sin 0) E,=0.

The vanishing of the determinant yields

2 2 2
< - nO) [(no — cos? 9)(n—2 sin? #) — sin? 0 cos? 0} =0. (1)

n2 n



Clearly, for a general 6, we have two solutions for n:

(1) n=mn,

In this case, B, = E, = 0. E'is parallel to the y axis. From kxE = wB and kx (,UOB)
—wD, we obtain the dlrectlons of B and D as B = 4k x §j = +(— cos6,0,sin0) and
D=—kxB=1%(0,1,0) =

(2) (2—2 — CoS 9)(n—z — sin 9) - st 6 cos? § = 0.

After rearrangement, we find n = Lolle .
\/n2 sin? f+n2 cos? 0

is only one refractive index. This is the direction of the optic axis.
In this case, £, = 0. Hence E lies in the zz plane Hence the relation k x wB
implies B = +). The relation k x (,uoB) = —wD implies D = +7 X k.

Clearly, at 6§ = 0, n = n,, there

B.2 0.8 pt

Ans: (1) when n = n,, E= :l:y and thrs is an ordmary ray tan o = 0
(2) when n = Llolle ( n2cos®,0,n2sin @) and this

\/n2 sin? 0+n2 cos? 6 n? cos? €+n‘01 sin?

. _ (n2-n2)tanf
is an extraordinary ray. tana = 7712 T tanZ 0

Solution:
(1) For n = n,, both E and D are parallel to the y axis. This is an ordinary ray with
tana = 0.

2) F = Rolte E,=0. B ituti k i h
(2) For n oI n # ne, 0. By substituting n back into the

equations of F, and F,, we find that sm 0E, + cos0FE, = 0. Hence the electric field
L

\/n‘e1 cos? §+nd sin? 0
direction.). Therefore E is not perpendicular to k and lies in the 2z plan in together
with D and k. This i is the extraordinary ray.

Since kx H=—wD, D is perpendicular to k. Hence D = +(—cos#,0,sinf). Let
B = 7, the relative orientation of E and D for a given # are shown in the following
figure for the case when n. < n,.

lies in xz plane with £ = =+ (—=n2cosf,0,n2sinf) ( B points in Ty

Let the angle relative to = axis be 0, and 6, for E and D. We have tan 92 = —tané

tanfr—tanf; _ (n2—n2?)tand
1+tan @y tanfs — n2+n2 tan? 6 ° The

same result remains when ne > N, except that tan a < 0, indicating that the relative
orientation of £ and D is reversed.

2
and tan f; = —2§ tan§. Hence tan o = tan(fy —6;) =

B.3 0.6 pt
Ans: n =n,, F = £k x Z/sin 6 and this is an ordinary ray.
. 2 P2 6in2 0—n2 cos2 0) 5
when n — NoNe : _ 1 nz CosGk—&-(nO.sn; 0—nZ cos® 0)2 and
n2 sin? 6+n2 cos? § n4 cos? 6+nd sin? 0 s

this is an extraordinary ray.

Solution: The problem has an axial symmetry so that in the plane formed by the z axis
and k one can write k = k.2 + ki k, and E=E z—i—Elkl, where k| is perpendicular
to z2. Clearly, we k, = kcosf, k| = ksm@ Ez = FEcosf, and EJ_ = E'sinf. Writing
out the components for the equation: k x (k X E) = —w MOD we get exactly the
same equations except that FE, is replaced by E . Hence all of the solutions are
the same except z is replaced by k. Since k sinf = k — cosfz, we obtain that

when n = Lolle VB = L [—n2 cos GM +n2sinf2] =
\/ng sin? 9+n2 cos2 6’ \/n4 cos? §+nd sin? 0 e sin ¢
+ 1 —n?2 cos Gk—l—(n sin? §—n?2 cos? G)z
\/nf:} cos? 0+nd sin? 9 sin 6




B.4 0.8 pt

Ans: (1) n =n,, tana, =0, v, = = S = (sind, 0, cos 6)

No’
2 4 cog2 4 gip2
nen (ns—n )tan6 ¢ n4 cos? 0+n? sin“ 6
(2) n = e ey tAN 0 = e U = e\ W co? O m? 0
\/n sin? +n2 cos 60’ oMe \[ ng cos ng sin
5 1 )
S = (n2sin6,0,n2 cos )

\/n4 cos? §+nisin? 9
(3) ms = /(S - )22 + (3 - 2)2n2
Solution:
The direction of the energy flow is given by the Poynting vector, S = E x H. Let
the energy density of EM wave be u and the ray velocity be v,.. Then v, = % Here

U = Ue + Uy, With u, = %E . D and Uy, = %E . H. There are two cases:
(1)n—no,E (0,E,0), D=¢E, kx E =wpuoH, k x H=—wD.
k: E and H are mutually perpendicular to each other. Hence S is parallel to k ie.,

N

S = (sin6,0,cos§) and tana, = 0.

Nowfromka——wD one has D = vlpffxﬁ. Henceue:—ﬁE_)-l%xﬁ:
—k-ExH Slmllarly,weﬁndum—ﬁﬁ-iﬂxﬁ:ﬁﬁ .ExH. Hence u = ULI;:E' H.
SlnceS—k weﬁndu—ﬁ Hence v, %:vp:%:n%.

(i) n = Lol ) In this case, we can tak B = (0, B,0) (negative y direction
\/n2 sin? 6+n2 cos? 0

works as well). 5, E and k are in the 2z plane and D is perpendicular to k. Therefore,
the angle between S = %E) x B and k is equal to the angle between D and E, ie.,
o, = a. This is shown in the following figure when n, < n, (for n. > n,, both o and
o, are negative, the relative orientation of E and D is reversed and ordering of S and
k are switched).

o |y
- -
& W

(n2—n?)tané

n2+n2tan?6 -

u= 1k -ExH = LX|Ex H|cosa, we obtain v, = % = —2-_ Hence the phase
P p

Therefore, from problem (d) (ii), we get tana, = tana = Now, because

COos &
speed v, and the ray speed are related by v, = v, cosa. From tan c, one finds cosa =
n2 cos? 0+n? sin? 0
\/n‘é cos? 0+nisin2 6

Hence v, — — ¢ — _c¢ n cos? 4+nl sin? 0
"7 ncosa ~ mnene\| n2cos2f+n2sin?0"

2

A . . . —n2)sind 0
Clearly, S = (sin(f + «),cos(f + «)). Since sina = (ng—me)sinbcosf o4 cosa =
\/né cos? 0+nf sin? 0
2. cog? 2 4in2 A .
neecos bingsin f C e find § = 1 (n2sin,0,n2 cos ).
\/n‘éc cos? 0+ni sin? 9 \/n‘éc cos? §+nd sin? 0
2 2 g2 2 4in2 2 4in 0)2n2 4 (n2 2 N

2 _ (c _ 92 9nicos®O+nisin®l _ (nZsinf)?ni+(nZ cosf)ng _ )
From nj = (W) = Molle nicos2 0+ndsin20 nd cos? f+nisin?0 we find n, = (S
2)2n2 + (S - 2)%n? .
B.5 1.1 pt
Ans: A = Py(n?sin 20, — P)), B= —2P3(n’sin?0; — P), C = Pyn?sin?6; —
¢ — 0. tan 92 — nne sin 01

)

noy/n2—n? sin? 6,

¢ =m/2, tanfp = — eSO __
ney/n2—n?sin? 6,

Solution:
Let the distance along z axis between A and B be d and the point of the interface that



the ray passes be the origin O. The coordinates of B and A points can be expressed as
(h2,0,2) and (h1,0,d—z). The distances are then given by AO = d; = \/h} + (d — 2)?
and OB = dy = \/h3 + 2z2. The propagation time from A to B is determined by the
ray speed v, as (dins; + dans2)/c, where ng; are ray indices for medium i. According
to the Fermat’s principle, we need to minimize the optical path length defined by

A = ding +dangy. According to problem (e), we have n2, = (% -29)%n 2+(—B> 29)%n2.
For an isotropic medium, the ray index is simply the refractive index, i.e., nsg = n.

Using the following relations

OB

— - &9 = cos(¢p — 03) = h—cosczﬁ—l— squ,

OB do
gf “Zg = cos(g + ¢ —06) =sin(b — ¢) = d%cosd) - Zzsin(b,
we find
A =ny/h2 4+ (d — 2)2 + \/(ha cos ¢ + zsin ¢)2n2 + (—hg sin ¢ + 2z cos ¢)2n2.

The minimum occurs when % = 0. We obtain

z—d (ha sin ¢ cos p(n? — n2) + z(n?sin? ¢ + n? cos? ¢)

s 2 27,2 2,2 =0
V4 (d - 2) V/(ha cos ¢ + zsin ¢)2n2 + (—hg sin ¢ + 2 cos ¢)2n2

.. d—=z o . .
Recognizing Nmres sin #1, moving the second term to the left and taking square
of the equation, we obtain

(Pg — P tan 92)2
P tan2 0o — 2P3tan by + Py’

n?sin’ 6y =

where P; = n2 cos? ¢p+n? sin? ¢, P, = n?sin® ¢+n? cos? ¢, and Py = (n2—n?2)sin ¢ cos ¢.
By expanding the above equation out, we find

Pl(n2 sin’ 0] — P) tan? 0y — 2P3,(n2 sin? 0y — Py)tan 6 + Pyn?sin? 6, — P32 =0.

Hence A = Py (n?sin®6, — P)), B = —2P3(n sm 20, — P),and C = Pgn sin® 6, —
For ¢ = 0 we have P3 = 0, P, = n?2, and P, = n2. We find n2(n?sin? 6; —n?2) tan? 92 —|—
n2n?sin?#; = 0. Hence tanfy = nne $in 61

o \/n2—n251n 01
For ¢ = 7/2, we have P; =0, P, = n? and P, = n2. We find n?(n?sin®6; —

‘.
n?)tan? 0 + nZn?sin® 6; = 0. Hence tan 02 N 8in 0

ney/n2—n? sin? 6,

Part C. Entanglement of light
C.1 0.8 pt

Ans:(1) w =w; *wo, k=Fky =+ ko

(2) hw = hwy £ hwa, hk = hl% ihEg represents the energy conservation and momentum

conservation of photons.

(3) Sphttlng of photon: Energy conservation w = w; + ws, momentum conservation:

k= k‘1 + k‘2

Solution:

For a light wave with frequency w and E the corresponding polarization density and the

electric field are in the form of A cos(wt — k-7), which can be rewritten as 4 A(eit= k) 4
e~ i(wt—F- ). By substituting the above form into the equation PNL = Zj Ek ngl)cEjEk

and equating the relevant exponents, we find all possible relations are

w=wi +we,k =k + k.
or w=uwj —wo, k =k — ko,

where we have made use of the fact that the frequency is positive. The meaning for the
these relations is clear if one recall that the energy and momentum of a photon is given



by hw and hk. The relation of hw = hw +hws, hk = hl%—l—ﬁl% represents the energy and
momentum conservations when a photon with (w, k) is annihilated and split into two
photons with (w1, El) and (we, Eg), while the relation of hw = hwq — hws, hk = hiky — hks
represents the energy and momentum conservations when a photon with (wi, El) is
annihilated and split into two photons with (w, k) and (ws, k2).

C.2 0.8 pt

Ans: o +o0+o0,e>e+e

Solution:

For the collinear case, the phase matching conditions become w = w; + wo, % =
& (wcl)wl + n’“(f’)wz’, where i, j, and k are indices of either o or e. Assuming that
w1 > wg, one can solve wy as w; = w — wo. We obtain

ni(w) = ny(wr) = =2 fg(ews) = ny ()] 2)

Clearly, because w > w1 > wo, if i = j =k, n;j(w)—nj(wi) > 0and ng(w2) —nj(wi) <0,
the above equation cannot be satisfied. For other cases, because there is no relation

between n, and n., the phase matching conditions can be satisfied. Hence only o —
o+o and e — e+e are not possible.

C.3 1.5 pt

Ko[l—Ne(Qe,0) cot 0]+ Ko N2
Ans: (1) M = % gKeK)o VERe B = —N./2M and F = —(Q2-9Q) (s — )+ 1

(2) the angle between the axis of the cone and 2’ is N/K, = _KO[I—NG?S{ié\gecot ESe

1/ _ 2
(3) the angle of cone is about IL(ﬁM = —(?\“?:) (u% - u%:) 4]\/][\%&.
Solution:

To satisfy the phase matching condition, we expand the angular frequencies w; and

wo into w; = Qe + v and wy = Q, + /. Clearly, because Q. + Q, = €1, to satisfy

w1 + wy = w, V' = —v. Similarly, the conditions for the wavevectors, k= El + Eg, can
be written as k, = k = K, = k1, + ko, and k| = —k1| = ¢ . For the o light ray, we

have k3, + k3, = k3 with kg = 7"0(“’62)‘”2. One finds that ko, = /k3 — k2, = ko — I;%

Expanding the dependence of ws in ko to v, we obtain

o 0(20)8%
kQZn(WQ)a&:n( ) +@(WQ—QO)=K0_La
c c duwo o

where u, is the group velocity for the ordinary ray. Hence to the second order of
corrections, we get

2
ko, = K, — — — —L
e, 2K,

Similarly, for the e light ray, we have k%J_ + k%z = k? with ky = %. One finds
that ki = /2 — k2, = ki — 5. The expansion of ky is different from that for k;
due to its angle dependence. Let the spherical angles for k1 be 6, and ¢1. We have

Ne(wi,01)w1  Me(Qe, ) dk1(Qe,0) Qe dne(Qe, 0)
k1 = = —Q)+ = h —0)+ -
! c c * dde (o )+ c dé (% )+
Here M = K., %ﬂjm is 1/u, with u, being the group velocity for the extraor-

dinary ray and is given by

dk1(2e,6)  ne(Qe,0) N Qe dne($2e,0)

dQe c c dS2e

2

Because dne(dge’e) = Mome(ni—ng)sinfcosd Ne(Qe, ) Ne(Qe, 0), we find N(Qe,0) =

(n2 sin? 04-n2 cos? 0)3/2
2

(n2—ng)sinfcosd Njote that for Ne < Noy, Ne(Qe,0) < 0. To find 60 = 6, — 0, we note

n2sin? 04+n2 cos2 0

that for any ka, one has (cf. Fig. 2(a))

I%a -OA = cos 0, = cos 0 cos P, + sin 0 sin 1), COS Pq,.



Since siny = k1 1|/|k1] = q1/k1 < 1 and cosyy = /1 —sin® ¢ = 1 — 1/2sin? ¢ +

, to the second order, we can replace k1 by K. and obtain

" 1gq 2
k:l-OA:coselzcose[l——l- ]—i—sin@ {?—F"']COS%-
e

2 K2
On the other hand, cosf; = cosf + dCOSQ(G - 0) -+ = cosf —sinf(6, — 0) +
Comparing this equation to the equaton for ky - OA we obtain
1 QJ_ 1 qJ_
91—9:§ﬁ te—?COS(ﬁl 2K2C0t9+K6+

Putting all together, we find

1 2
ks = Ko+ —(Q — Q) + No(Qe, 0)qur + 2% [N.(Qe,8) cot 6 — 1] +
Ue e

The above equation when combined with the equation of k1. and the relation K, =
ki, + ko, we find

1 1 Ko [Ne(Qe,0)cot —1] — K|
(Q—Qe)(ufe_ufo)—FN(Qe,e)Qx +QJ_{ KK, =0.

Because ne < ng, Ne(£2e,0) < 0. The above equation can be rewritten in the form

N, 12 11 N2
M|:qx/2De:| Jqu;/:f(Qer)(*u 7u7)+4]\64'
(o} e

Here D = KellNeed)cot0Ke 0 Hence B = —N./2M > 0 (N, < 0) and L =

—(Q—Q)( u%, - u%) + ivj\ef[ Clearly, the cone axis formed by ks is characterized by . .
We find that the angle between the axis of the cone and 2’ is tan~!(N/ky,), which is

about N/ki, ~ N/K, = b con = Ng%é:ggcowHK The angle of the cone is given by

_1vVL/M - VLM (Q-Q.) 1 N2
ke T K, — (77_*>+4

MK, \uo  ue AMPK,"
C.4 0.8pt
Ans: P(a,8) = Lsin?(a+ 8), P(a,B1) = & cos®(a + B), Plas,B) = }cos?(a + B),
P(ay,B1) = gsin?(a+ B)
Solution:

For a-photon, let the electric field along the polarizer and perpendicular to the polar-
ization represented by |ay) and |ay). Here o, and o, are essentially the electric field
amplitudes in appropriate units. The electric fields (the states) along #' and ' can be
written as

N
|24

) = cos a|ay) — sinaay),
|95) = sin at|a) + cos afay).
Similarly, for b-photon, we have
|j§7> = cos B|Bz) — Sinﬁ|ﬂy>v
|95) = sin B|By) + cos B| By).
Hence we obtain
|25)|85) = (cos aaz) — sinafay))(sin B|Bz) + cos B[ By)),
|90)|25) = (sin afag) + cos afay))(cos B|Bx) — sin B]y)).

The state of the entangled photon pair can be written as

(I o) |9) + 190} |25))

S HS\

=% [(cosasin B + sinacos B)(|az)|Be) — |oy)|By))
+ (cosacos B — sinasin B)(|ag)|By) — |ow)|Bz))]
= —= [sin(a + B)(|az)|Bz) — lay)|By)) + cos(a + B)(|az)|By) — [ay)|Bz))]

N



From the above equation, we obtain

P(a,B) = %sinQ(a +08),

Plas, B1) = 5 sin*(a+ ),

—_

P(a, 1) = - cos*(a+ f),

— N

P(ay,B) = = cos?(a+ B).

[\]

C.5 0.5pt

Ans: S =|cos2(a—f) —cos2(a— )|+ |cos2(a/ — B) + cos2(a — )]
S = 2v/2. S > 2 indicates that it is not consistent with classical theories.
Solution:

One first realizes that E(a, ) = gggggillzgzigig;i%ggi;;iggig; Using expressions
for P, we find

E(a, B) =sin®(a + B) — cos?(a + )
= (sinacos B + cosasin §)? — (cos arcos B — sin asin 3)*
= —(cos® a —sin” a)(cos® B — sin? B) + 4sin a sin B cos a cos 3
= sin(2«)sin(28) — cos(2a) cos(26) = — cos 2(a — ).

Hence S = [cos2(a — ) — cos2(a — 3)| 4 | cos 2(a’ — B) 4 cos 2(a’ — f')|. For @ = 7,
o =0,8=-%, B’z%,weﬁndS:|—%—%|+|%+%| = 2v/2 > 2. Hence
classical theories do not apply.



