Notes on Grading Criterion: Full credit is awarded for a correct complex result
that is clearly unattainable by simple estimation,

Part A

A1)
The magnitude of the anticlockwise torque exerted by the left pan and the weights,
resulting from an anticlockwise tilt of 8 is given by

(—bsinf 4l cos @)myg (1)

Criteria Partial Credit
If Eq (1) is correctly obtained (The sign | 0.3
(4/-) does not affect the score.)

A2)
The magnitude of the clockwise torque exerted by the left pan and the weights, result-
ing from an anticlockwise tilt of 8 is given by

(bsin@ + [ cos §)mag (1)

criteria partwise marks
If Eq (1) is correctly obtained (The sign | 0.3
(4+/-) does not affect the score.)

A3)
When the torques are in equilibrium, the beam balance remains stationary at a tilted
position. Condition for rotational equilibrium:

(=bsin Oy + lcosy)mig = (bsin by + I cos y)mag (1)

Rearranging for g
— l
0y = tan 1 (71— m2)l 2
o= an ((ml—i—mg)b 2)
(m1 — mg)l

fan f = L= m2)0
anvo (m1+m2)b

criteria partwise marks
If the torque equilibrium (Eq.(1))is cor- | 0.2

rectly obtained
If the Eq.(2) or Eq.(2%*) is correctly ob- | 0.4
tained

A4)
The correct answer is (3). For a given set of weights, the balance beam tilts further as
[ increases and b decreases.

criteria partwise marks
If option () is correctly selected, 0.3
If an incorrect answer is selected, —0.1

A5)

When equilibrium is reached at an inclination of 6, the magnitude of the clockwise
torque about the pivot O is given by:

mag(bsin @ + [ cos 6)
Meanwhile, the magnitude of the anticlockwise torque about the pivot O is as follows:

mi1g(—bsin® + lcosf) + Mgdsin 0 (1)



Condition for rotational equilibrium:
(Md — myb)gsin 0 + mygly cos @ = magbsin 6 + mogl cos 0 (2)

By applying the equilibrium condition for the beam balance, the following relationship
holds for the equilibrium angle 6;.

i _ (m1 — mg)l
6, = tan* <(m1+m2)b—Md) (3)

(m1 — MQ)Z
(m1 + mg)b — Md

tanf; =

criteria partwise marks

If the expression for the anticlock- | 0.3
wise torque (Eq.(1))is correctly ob-
tained (The sign (+/-) does not affect
the score.)

If the torque equilibrium condi- | 0.3
tion(Eq.(2)) is correctly obtained
If Eq.(3) or Eq.(3*) is correctly ob- | 0.8
tained

A.6)
From the initial state, the beam begins to tilt toward the heavier side (m1), and the
following inequality holds:

(Md — myb)gsin @ + mygly cos @ > magbsin @ + mogl cos 0 (1)

If the coefficient of sin 6 satisfies (Md—m1b) > mab, the left-hand side of the equation
remains greater, causing the beam to undergo continuous angular acceleration without
reaching equilibrium. Conversely, if (Md — m1b) < mgb is met, there exists an angle
at which the two torques achieve equilibrium.

The answer is:

(Md —mib) < mab (2)

criteria partwise marks
If the inequality including 6 (Eq.(1)) is | 0.2
correctly obtained

If the final inequality for stable equilib- | 0.2
rium (Eq.(2)) is correctly is correctly
obtained

Part. B.

B.1)

The distance the heavier mass my descends and the lighter mass mp ascends are both
[ sin @ which is independent of xg, xy.

Due to the symmetry of the balance itself, its potential energy does not change.

The potential energy of the entire system is given by

(mp —myg)glsinf (1)

criteria partwise marks
When the obtained potential energy | 0,2

differs from Eq. (1) by a constant
If Eq (1) is correctly obtained 0.3




B.2) Let 0 be the rotation angle of the arms; the beam undergoes fixed-axis rotation,
and the kinetic energy of the beam itself is:

S+ B)f? )

The speed at the contact point between the pan and the arm is lé, and the pan
undergoes translational motion at the same speed without rotation. The weights on
the pan also move at this speed, maintaining their orientation. Therefore, the kinetic
energy of the pans and the weights is:

1 .
5(2m—|—mL—|—mR)l29 (2)
The total kinetic energy of the system, including the beam, is:

1 . 1 .
5(11 + I5)6* + 5(2m+mL + mpg)l%0? (3)

criteria partwise marks
If the kinetic energy of the beam | 0.2

(Eq.(1)) is correctly obtained
If the kinetic energy of the pans and | 0.3
weights (Eq.(2)) is correctly obtained
If the kinetic energy of the total system | 0.5
(Eq.(3)) is correctly obtained

B.3)
The total mechanical energy of the system is:
1 . 1 .
5(11 + 1)6% + 5(2m +mp, +mpg)l?6% + (mr —myp)glsing = C (1)

The equation of motion obtained by differentiating with respect to time is:

(I1+Ig+(2m—l—mL+mR)l2)é: (mr, —mp)glcos® (2)

criteria partwise marks
Correct expression for the conservation | 0.2

of mechanical energy (Eq.(1)) is cor-
rectly obtained

Attempting to differentiate Eq. (1) | 0.2
with respect to time
If the equation of motion (Eq.(2)) is | 0.6
correctly obtained

B.4)
The relationship between the forces acting on the left pan and its acceleration is:

(m+mg)g— (Tra + Tr2) = (m + mp)lo (1)

Eliminating 6 using the relationship given in the problem for the horizontal position
results in:

(m+mp)?(mp —mg)g
(I + I + 2m + mp + mpg)l?)

Tri+Tre = (m+mp)g—(m+mp)lf = (m+my)g—

(I + I + (2m + 2mpg)1?)
(I1 + I + (2m + mp + mpg)l?)

Meanwhile, the torque relationship for the upper beam is:

= (m+mrp)g

(T — Tri)l = 1,0 (3)



Eliminating 0 using the given relationship for the horizontal position results in:

[1(mL — mR)g

T —Tr = 4
L= R (I + I + (2m + mp, + mpg)l?) 4
Tr2+ Tr
(I + Iy + (2m + 2mg)I?) Ii(mg —mRg)g (5)
= (m + mL)g 2\ 2
(I1+[2+(2m+mL—|—mR)l ) (Il+12+(2m+mL+mR)l )
criteria partwise marks
If Eq (1) is correctly obtained 0.2
If Eq (2) or Eq.(2*) is correctly ob- | 0.2
tained
If Eq (3) is correctly obtained 0.2
If Eq (4) is correctly obtained 0.2
If Eq (5) is correctly obtained 1
B.5)

No values can be determined.

From the translational motion of the two pans and the rotational motion of the beam,
the forms of four linear simultaneous equations can be obtained with 171, Tra, Tr1,
Tro as unknowns.

Tih—Tr=A (1)
Tio—Tro =B (2)
Tri+Te=C (3)
Tr1i+Tra=D (4)

Here, A, B,C, and D are values expressed in terms of the variables and parameters
given in the problem. Since their specific calculated values are not crucial to the form
of the equation, they are represented simply as constants A, B,C, and D. Since the
four equations are not independent (no unique solution), 771, Tr2, Tr1, Tr2 cannot be
determined individually.

Finding the force exerted by the pivot on the upper beam is equivalent to finding
Tr1 + Try. If this were found, then 17, and Tgr; could be determined.

Since Tr1and Tk cannot be found, 171 + Try also cannot be determined.

criteria partwise marks
For correctly determining each value 0.1(Max 0.2 pt)
penalty for each incorrect determina- | —0.1

tion

For each of the four equation forms | 0.1 (maximum of 0.4 points, 0.1x4)
(Eq.(1)~(4)) correctly obtained

B. 6)
Let the acceleration of the entire system (balance and weights) be acp,:

N — (Mr+mpr+mp)g = (Mr+mpg+mp)acm

N — (Mg +mg+mp)g = (m +mg)lf — (m +mpg)lf (1)

Therefore, the normal force N is:

N = (Mr+mgr+mp)g+ (mr—mp)lo (1%)

(mr —mg)?g

=(Mr+mp+m —
(M R L)g (I1 + I + (2m + mp + mpg)I?)




criteria partwise marks
If Eq. (1) or Eq (1*) is correctly ob- | 0.4

tained
If Eq (2) is correctly obtained 0.6

Part. C.
C.1)

The conservation of energy when tilted by an angle 6 anticlockwise is:
1 . 1 .
5(11 + 1)6% + §(m1 +m2)I?0% 4 (mg — my)glsin @ + Mdg(1 — cos§) = Const. (1)

The equation of motion obtained by differentiating with respect to time is:

(I + I+ (my + mg)l2) 0 = (m1 —ma)gl cos — Mgdsin 0 (2)
Thus,
A= (I + I + (m1 + m2)l?) , B = (m1 — ma)gl,C = —Mgd
criteria partwise marks
Conservation of mechanical energy | 0.6
(Eq.(1)) is correctly obtained (potential energy part in Eq.(1) is 0.2
pt)

(kinetic energy part in Eq.(1) is 0.2 pt)
Attempting to differentiate Eq. (1) | 0.2

with respect to time
If A is correctly obtained 0.4
(Full credit is given if the values of A,
B, and C are scaled by the same fac-
tor.)

If B is correctly obtained 0.4
(Full credit is given if the values of A,
B, and C' are scaled by the same fac-
tor.)

If C' is correctly obtained 0.6
(Full credit is given if the values of A,
B, and C are scaled by the same fac-
tor.)

C.2)
The equation of motion is:

(Il + Iy + (my1 + mg)ZQ) 0 = (m1 —mg)glcos® — Mgdsin6

At equilibrium, 6 = 0.

Thus, (my —ma)glcosfy — Mgdsinfy =0 (1)
(m1 — mg)l
SR UL LA 1*
tan 6 d (1%),
sinf = (1 = ma)! 2)
\/(ml - m2)2l2 + M2d2
Md
cos by = (3)

\/(ml — m2)2l2 + M2d2

The form of the equation: )
Af = Bcosf + Csiné,

A= (Il+12+(m1+m2)l2)7B:(ml_m2)gl,C:—Mgd



Expressing the rotation angle as 0 = 0y + n:

Afj = Bcos(bp +n) + Csin(fy + 1)

= B(cos by cosn — sin by sinn) + C(sin §y cosn + cos fy sinn) (4)
~ (B(cosfy — nsinby) + C(sin by + ncos bp) (5)
= (C cosby — Bsinby)n + B cos by + Csinb (5%)

Combining Eq. (2) and Eq. (3), we obtain,

C cos By — Bsinfy = —gv/(m1 — ma)212 + M2d? (6)
Bcosfy+ Csinfy =0 (7)
(Il + Iy + (m1 + mQ)ZQ) 7= —g\/(ml — m2)212 + M2d27’] (8)

Even if a student fails to determine A, B, and C in Question C.1, the following
conclusion can be obtained if they carry out the calculations correctly while leaving
A, B, and C as variables/parameters.

Aij = —/(B* + C?n (8%)

criteria partwise marks
If Eq.(8) or (8*) correctly obtained 1.9

If Eq.(1) or Eq.(1*) is correctly ob- | 0.2

tained
If sin Ay (Eq.(2)) is correctly obtained | 0.2
If cos Oy (Eq.(3)) is correctly obtained | 0.2
If Eq.(5) or Eq.(5*%) is correctly ob- | 0.5

tained using approximation (0.3 points for correctly obtaining Eq.
(4) without approximation)
If Eq.(6) is correctly obtained 0.3
If Eq.(7) is correctly obtained 0.3
C.3)

Since the restoring torque is approximated as simple harmonic motion proportional to
1), the period of simple harmonic oscillation is as follows:

. (L + (m1 +m2)l?)
e \/9\/(m1 —ma)?1 + M2d? Y

The period is maximized under the condition mq = ms

For the case myp = mp =0 (2)
1
T=2m|—+ 3
™/ 37dg (3)
criteria partwise marks

If Eq.(1) is correctly obtained 0.2
Identifying the condition m; = mso 0.2
If Eq.(3) is correctly obtained 0.2




