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Solution to A.1

The equation is easily solved if we define § = ¢ — fy/w3 for 0 < t < T/2. The equation
becomes
¢+uwig=0
For Tp/2 < t < Ty, we may define ¢ = ¢ + fo/w? to obtain
G+wig=0
Before turning on the external force f(t), the motion was given as
gi<o(t) = Asin(wot + 0)

A is related to the initial energy, £ = %mw%Az and the other initial condition (i.e. the
value ¢(0)) is given by . For 0 <t < Tp/2, the general solution is

Go<t<Ty/2(t) = Asin(wot + ) + fo/w]
Equating the configuration at t = 0, we have
Asind = Asind + fo/w?
Acosd = Acosd
Now we turn to the motion during Tp/2 < t < Tp. Then the general solution is
A1, j2<t<1y = Asin(wot +8) — fo/wh
And equating the configuration at t = Ty/2, using woTy = 27 we have
—Asind + fo/wi = —Asind — fo/wd
Acosé = Acosd
Now at t = Tp, the position and velocity is
q(Ty) = Asiné — fo/w?
= Asind — 3fo/wd

= Asind — 4fy/w? (1)
q(Ty) = Awgcos

= Awg cosd

= Awgcos (2)

Question| Total | Partial | Explanation for partial marks and special cases
part marks | marks
Al 1.2 0.6 q(Tp) = Asiné — 4fp/w? correct
0.6 G(Ty) = Awg cos d correct

Solution to A.2

The total mechanical energy is

1 = 1 -
m ! Esq, = §A2wg cos® 8 + —wi(Asiné — fo/wd)?

— N

= %fpwg cos? d + 5&;8([1 sind + fo/wd)? — 2Afysind
= %A%J% cos? § + %wg(fi sind — fo/wd)? — 2Afosiné
= %Azwg cos® § + %wg(/ising + fo/wd)? — 2Afysind — 24 fysind
=m™ ' Ei<o — 2fo(2Asin 6 — 2fo/wg)
=m™ ' Er<o — 4fo(Asin — 2o /wg)
We thus have AE = —4dmfo(Asind — 2fy/wd) = 4mfo(2fo/wi — Asiné).



Question| Total | Partial | Explanation for partial marks and special cases
part marks | marks
A.2 1.2 1.2 AE = 4mfy(2fo/wi — Asiné) correct

Solution to A.3

Since (sind) = 5= [ sin@df = 0 and (sin®§) = & [7_sin?do = 1,
8mfg
w

(AE)?) = 8m? f§A® + 64m? fy Jwy

(AE) =

Question| Total | Partial | Explanation for partial marks and special cases
part marks | marks
A3 1.2 0.6 (AE) = 8f3m/w? correct

0.6 ((AE)?) = 8f2m?(A? + 82 Jwg) correct

Solution to B.1

Since S; = Fiwget @2ty 4 etiw2ty, and S, = ¥, the equations for X1, %, are

EJF = —i(wg + w2)2+ + w12,
Y= +é(w0 + WQ)E_ — w1,
27; = M71 (E+ - E—)
Then there is no explicit time-dependent function any more. Using the definition

Y4 = X, & 14X, the above equations become

Ex = (wo + wg)zy

Zy = *(WO + WQ)ELE + w1,
22 = —wlzy

In other words, M, = —w1, My, =0, M, = —wy — wo.

Question| Total | Partial | Explanation for partial marks and special cases
part marks | marks
B.1 1.5 0.5 M, = —wq correct

0.5 M, = 0 correct

0.5 M, = —wy — wy correct

Solution to B.2

As we perform rotation of the axes, the vector in the original frame has components
(vz, vy, v,) and after the rotation the same vector has coordinates (vx,vy,vz). When
the general relation is v, = vx cos© + vzsin©,vy = vy,v, = —vxsinO + vz cos ©
and as we apply it to i, we obtain

Yx = MYz — [M, cos © + M, sin O] Ty (3)
Zy:[Mzcos@+stin@]2X+[MzsinG—chos(a]EZ (4)
Yy = —M,Yx +[~M,sin© + M, cos O] By (5)

If we further substitute the answer to B.1 and express the equations using wg, w1, wo
instead of M, M,, M.,
Ny = [(wo + w2) cos © + wy sin O] Xy (6)
Yy = — [(wo + wa) cos © + wy sin O] Xx + [—(wp + wa) sin © + wy cos O] B (7)
Y7 = [(wo + w2) sin © — wy cos O] Ty (8)



Question| Total | Partial | Explanation for partial marks and special cases
part marks | marks

B.2 0.9 0.3 The equation for ¥ x Eq.(3) correct 0.2pt if the answer
to B.1 is already substituted and gives Eq.(6)
0.3 The equation for Yy Eq.(4) correct 0.2pt if answer to
B.1 is already substituted and gives Eq.(7)
0.3 The equation for ¥z Eq.(5) correct 0.2pt if the answer

to B.1 is already substituted and gives Eq.(8)

Solution to B.3

Now we choose tan © = w;/(wp + w2). Then the above equation is simplified to give

Yy = 408y
Yy = -0y
Yy =0

where Q = /(wo + wa)? + w?.

Question| Total | Partial | Explanation for partial marks and special cases
part marks | marks
B.3 1.0 0.5 tan © = w1 /(wp + we) correct

0.5 Q = /(wo + w2)? + w correct

Solution to B.4 and B.5

Since the equations for different spins (with distinct initial conditions) are all inde-
pendent of each other, we can simply solve the equations for a single spin with initial
condition S;(0) = S,(0) =0 and S.(0) = p # 0.

1. Relationship for S,

By definition, S, is equal to 3., which can be expressed as:

S.(t) = —=Xx(t)sin® + X z(t) cos © 9)

2. Substituting Y x(t) and X ;(t)
Applying the initial conditions S,(0) = pu and S;(0) = S,(0) = 0, the solutions to the
differential equations are:
Yz =0 = Zz(t) = pcosO (10)
Yx = -8y = Yx(t) = —usin© cos(Q) (11)

Substituting these two solutions into the equation from step 1 and by recalling the
linearity of the equation:

(S.(t)) = (S.(0)) (Sin2 O cos(Qt) + cos? 0) (12)

The given condition is satisfied only if © = 7/4 and QT = 7. Since tan © = wy /(wo +
we)=1,0= \/w% + (wo + w2)? = V2wi. We thus have w1 Ty = %

Question| Total | Partial | Explanation for partial marks and special cases
part marks | marks
B.4 1.5 1.5 The solution for (S,(t)) Eq.(12) correct Or mathe-
matically equivalent form via the answer of B.3, e.g.

(5:(0)) {w% cos(ty/(wo + w2)2 + w?) + (wo + wg)ﬂ

w24 (wotwz)?

B.5 1.5 1.5 wiT) = 7/\/2 = \/2m/2 correct




