T1: Floating cylinder
Solution I: energetic approach

Denote the density of the liquid by p, so the density of the cylin-
der is yo. In equilibrium (i.e. when the net force acting on the
cylinder is zero) the immersed part of the cylinder has height
~h.

Consider the system in a moment when the cylinder is dis-
placed by distance 1 downward and moves down with veloc-
ity v1. As a result of the motion of cylinder the liquid level rises
by some height x2, and the liquid flows in the gap between the
cylinder and beaker with some velocity vo upwards (see Fig. 1).
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Therelation between the aforementioned displacements and ve-
locities are given by the continuity law:

x18s =x2(S —5), vis=wv2(S —s).

In the following we express the potential and kinetic energy of
the system. Compared to the equilibrium position the cylinder
of mass ypsh sunk by x1, while the potential energy change
caused by the redistribution of liquid can be imagined as the
center of mass of liquid with mass gsx; rises by distance yh +
x1/2 + x2/2. Taken the potential energy in the equilibrium
state to be zero, the potential energy in the state indicated in the
right figure can be written as

T+ T2
Eyot = —v0shgx1 + 0sx19 <vh + 2) .

After opening the bracket the first two terms cancel each other:

1
Epot = 5@89331(1’1 + $2) :



After expressing x» from continuity law and some simplification
we get a quadratic expression for the potential energy:
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Now let us calculate the kinetic energy of the system. The con-
tribution from the cylinder is straightforward, vgshv% /2, but
the motion of the liquid is more complicated.

Note. We may notice that since s/(S — s) = 50, the speed vy of
the liquid in the narrow gap is 50 times larger than the typical speed
of the liquid below the cylinder (which can be estimated to be in the
range of v1). And while the mass of the liquid below the cylinder is
much larger than the mass of liquid inside the gap (the ratio is ca. 25 if
the ,few centimeters” in the problem text is taken to be 3.5 cm), the ki-
netic energy is proportional to the square of the velocity, so the kinetic
energy of the liquid inside the gap is roughly 100 times larger than the
kinetic energy of the liquid below the cylinder.

Since the kinetic energy of the liquid below the cylinder is
negligible, we can write the total kinetic energy of the system
as:
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1 1
Eyin = =y0shvi + =0(S — 8) (Yh + 21 + 22) V5 .
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Here z1, 22 < h, so we shall keep only the term containing
~h in the second bracket:

1 1
En = 5v0shvi + 50(S — s)yhv
Expressing v9 from continuity law gives the following:
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The potential and kinetic energies can be written in the form
1 1
Epot = §keff l‘% s Eyin = §meff U% s

where the effective spring constant and effective mass are given
by
sS sS
k e -9, m = h .
eff QS — Sg eff = 07 S_ s
So the oscillation is indeed harmonic, thus the angular fre-
quency and the period are:

[ ke [vh
w=y/—L = [L =27 [T =053s.
Mefr ’Yh g

Note. The static restoring force, acting on the cylinder is due to the
change (relative to the equilibrium position) of the hydrostatic pres-
sure at its lower base:

sS
F=—spg(z1 +x2) = T P9

This immediately gives effective stiffness of the system keg = S“’i Jole

Alternatively, one may wish to integrate f F'dx to get the potential
energy
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Solution II: dynamical approach

When the cylinder is displaced from its equilibrium position
downwards by distance x1, the net restoring force (pointing up)
can be calculated as the sum of the weight of the cylinder and
the force from the difference of pressures at the top (pg) and bot-
tom (p) of the cylinder. As a result of the net force, the cylinder
accelerates upwards with a1, and at the same time, the liquid lo-
cated in the gap between the cylinder and the wall of the beaker
accelerates down with ao. The relation between the magnitudes
of a1 and as is given by the continuity law:

sa; = (S — s)ay .
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If the liquid in the gap was not accelerating, the pressure differ-
ence p — po would be equal to the hydrostatic pressure of the
liquid column in the gap. Due to the acceleration of the liquid,
P — po can be expressed from Newton’s 2nd law applied for the
liquid column of unit area located in the gap:

po — P+ 09(vh + x1 + z2) = o(vh + 21 + 22)az,

where we used the notations of Solution I, and the downward
direction was taken as positive.

Newton’s 2nd law for the cylinder reads as

(p — po)s — yoshg = yoshay .

After expressing p — pg from the previous equation, and then
substituting it here we get:

09(vh+x1+1x2)s—o(yh+x1+32)ass—yoshg = yosha .

Since the amplitude of the liquid level is small, the terms con-
taining aox1 and a2x2 can be neglected. After rearranging we
get:

0g9s(x1 + x2) = yosh(ar + a2) .

Using the relations between the displacements and accelera-

tions we finally get:
g
ay = —&1 .
~vh
Taking into account the opposite directions of x1 and aj, this
is the dynamical condition of a simple harmonic motion with

angular frequency and period

9

[vh
. T=2m] 2% =053s.
Yh g

w =



Note. In this solution we assumed that the pressure p is constant

throughout the bottom surface of the cylinder. This assumption is

equivalent with saying that the horizontal acceleration of the liquid

below the cylinder at every point is much smaller than ag, which is

reasonable.

Marking scheme

All solutions should be graded according to only one marking scheme

(either energetical or dynamical). If the student used both ideas, that

marking scheme should be used which results in a higher score.

Solution I: energetic solution pts

i Height of submerged part of cylinder in equilib- | 0.5
rium is yh.

ii | Realizing that the kinetic energy of water is impor- | 1.0
tant

iii | Realizing that the kinetic energy of liquid below the | 1.5
cylinder is negligible

iv | Expressing the kinetic energy of liquid inside the | 2.5
gap as a function of velocity of cylinder.

v Potential energy change of liquid as a function of | 1.0
the small displacement of cylinder

vi | Potential energy change (0.5 p) and kinetic energy | 1.0
change of cylinder (0.5 p)

vii | Continuity law either for displacements or veloci- | 1.0
ties (only 0.5 p if the factor is S /(S — s))

viii | Expressing w from the formulas for Fp, and Ey, | 1.0
(W = \/kegr/Megr Or equivalent).

ix |T=2r/w 0.3

X Correct substitution of values, final result 0.2

Total number of points | 10.0

Solution II: dynamical solution pts

I Height of submerged part of cylinder in equilib- | 0.5
rium is vh

II | Realizing that the pressure difference between top | 1.0
and bottom of the cylinder is not pg X height diff.

III | Neglecting the motion of water below the cylinder | 1.5
but not on the sides

IV | Newton’s 2nd law for liquid in the gap with nonzero | 2.5
acceleration. (0 p for p — pg = 0g X height diff.)

V | Newton’s 2nd law for cylinder (still full mark if IT | 1.0
was not realized but p — pg was used properly)

VI | Usingthe changein waterlevelin Newton’s2ndlaw | 1.0

VII | Continuity law either for displacements or acceler- | 1.0
ations (only 0.5 p if the factoris S /(S — s))

VIII| Concluding a linear relation between acceleration | 0.5
and displacement of cylinder

IX | Expressing w from the dynamical equations (ex- | 0.5
pressing w = \/kegr/Megr correctly or equivalent).

X | T=2r/w 0.3

XI | Correct substitution of values, final result 0.2

Total number of points | 10.0



