T1: Floating cylinder
Solution I: energetic approach

Denote the density of the liquid by g, so the density of the cylinder is yp. In equilibrium
(i.e. when the net force acting on the cylinder is zero) the immersed part of the cylinder
has height vh.

Consider the system in a moment when the cylinder is displaced by distance x1 down-
ward and moves down with velocity v1. As a result of the motion of cylinder the liquid
level rises by some height x5, and the liquid flows in the gap between the cylinder and
beaker with some velocity vy upwards (see Fig. 1).
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Fig. 1

The relation between the aforementioned displacements and velocities are given by the
continuity law:
x1s = x2(S — ), v1s = v2(S — ).

In the following we express the potential and kinetic energy of the system. Compared
to the equilibrium position the cylinder of mass ypsh sunk by x1, while the potential
energy change caused by the redistribution of liquid can be imagined as the center of
mass of liquid with mass gsz rises by distance yh + x1/2 + x5/2. Taken the potential
energy in the equilibrium state to be zero, the potential energy in the state indicated
in the right figure can be written as
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After opening the bracket the first two terms cancel each other:
1
Epot = Engml(fEl + 1’2).

After expressing x5 from continuity law and some simplification we get a quadratic
expression for the potential energy:
1 sS
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Now let us calculate the kinetic energy of the system. The contribution from the

cylinder is straightforward, yoshv? /2, but the motion of the liquid is more complicated.

Note. We may notice that since s/(S — s) = 50, the speed va of the liquid in the
narrow gap is 50 times larger than the typical speed of the liquid below the cylinder
(which can be estimated to be in the range of v1). And while the mass of the liquid
below the cylinder is much larger than the mass of liquid inside the gap (the ratio is
ca. 25 if the ,few centimeters” in the problem text is taken to be 3.5 cm), the kinetic
energy is proportional to the square of the velocity, so the kinetic energy of the liquid
inside the gap is roughly 100 times larger than the kinetic energy of the liquid below
the cylinder.



Since the kinetic energy of the liquid below the cylinder is negligible, we can write the
total kinetic energy of the system as:

1 1
Eign = §wshvf + 5008 —s)(vh+ a1+ T)V3 .
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Here x1, 29 < ~vh, so we shall keep only the term containing vh in the second bracket:
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Expressing vy from continuity law gives the following;:
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The potential and kinetic energies can be written in the form
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where the effective spring constant and effective mass are given by
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So the oscillation is indeed harmonic, thus the angular frequency and the period are:
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Note. The static restoring force, acting on the cylinder is due to the change (relative
to the equilibrium position) of the hydrostatic pressure at its lower base:

sS
F = —spg(z1+ x2) = _Epgl’l‘

This immediately gives effective stiffness of the system k.g = §—i 0g.

Alternatively, one may wish to integrate [ F dz; to get the potential energy

S pg o
Epot:ggxl.

Solution II: dynamical approach

When the cylinder is displaced from its equilibrium position downwards by distance
x1, the net restoring force (pointing up) can be calculated as the sum of the weight of
the cylinder and the force from the difference of pressures at the top (pg) and bottom
(p) of the cylinder. As a result of the net force, the cylinder accelerates upwards with
a1, and at the same time, the liquid located in the gap between the cylinder and the
wall of the beaker accelerates down with as. The relation between the magnitudes of
a1 and ag is given by the continuity law:

sa; = (S — s)as.
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Fig. 2

If the liquid in the gap was not accelerating, the pressure difference p — py would
be equal to the hydrostatic pressure of the liquid column in the gap. Due to the
acceleration of the liquid, p — pg can be expressed from Newton’s 2nd law applied for
the liquid column of unit area located in the gap:

po — P+ 09(vh + x1 + x2) = o(vh + 21 + x2)az ,

where we used the notations of Solution I, and the downward direction was taken as
positive.

Newton’s 2nd law for the cylinder reads as

(p — po)s — voshg = yosha;.

After expressing p — pg from the previous equation, and then substituting it here we
get:
09(Yh + x1 + x2)s — o(yh + x1 + w2)azs — yoshg = yoshay.

Since the amplitude of the liquid level is small, the terms containing asx; and asxs
can be neglected. After rearranging we get:

0gs(x1 + x2) = yosh(ar + az).

Using the relations between the displacements and accelerations we finally get:

al = ixl
Yh
Taking into account the opposite directions of 1 and a1, this is the dynamical condition
of a simple harmonic motion with angular frequency and period

w=,/%,  T=or 538,
vh g

Note. In this solution we assumed that the pressure p is constant throughout the
bottom surface of the cylinder. This assumption is equivalent with saying that the
horizontal acceleration of the liquid below the cylinder at every point is much smaller
than as, which is reasonable.

Marking scheme

All solutions should be graded according to only one marking scheme (either energetical
or dynamical). If the student used both ideas, that marking scheme should be used
which results in a higher score.

Solution I: energetic solution pts

i Height of submerged part of cylinder in equilibrium is yh. 0.5

ii Realizing that the kinetic energy of water is important 1.0

iii ~ Realizing that the kinetic energy of liquid below the cylinder is | 1.5
negligible

iv. Expressing the kinetic energy of liquid inside the gap as a func- | 2.5
tion of velocity of cylinder.

v Potential energy change of liquid as a function of the small dis- | 1.0

placement of cylinder
vi  Potential energy change (0.5 p) and kinetic energy change of | 1.0
cylinder (0.5 p)
vii  Continuity law either for displacements or velocities (only 0.5 p | 1.0
if the factor is S/(S — s))

viii Expressing w from the formulas for E,, and Eyp (w = 1.0
\/keft /Mesr Or equivalent).

ix T=27/w 0.3

X Correct substitution of values, final result 0.2

Total number of points | 10.0




Solution II: dynamical solution pts

I Height of submerged part of cylinder in equilibrium is vh 0.5

II Realizing that the pressure difference between top and bottom | 1.0
of the cylinder is not pgx height diff.

111 Neglecting the motion of water below the cylinder but not on | 1.5
the sides

v Newton’s 2nd law for liquid in the gap with nonzero acceleration. | 2.5
(0 p for p — pg = pgx height diff.)

A% Newton’s 2nd law for cylinder (still full mark if IT was not real- | 1.0
ized but p — pg was used properly)

VI Using the change in water level in Newton’s 2nd law 1.0

VII  Continuity law either for displacements or accelerations (only | 1.0
0.5 p if the factor is S/(S — s))

VIII Concluding a linear relation between acceleration and displace- | 0.5
ment of cylinder

IX Expressing w from the dynamical equations (expressing w = | 0.5
ket /e correctly or equivalent).

X T =27/w 0.3

XI Correct substitution of values, final result 0.2

Total number of points | 10.0




