
Theoretical Problem 3

COLLISION OF DISCS WITH SURFACE FRICTION

A homogeneous disc A of mass m and radius RA moves translationally on a smooth
horizontal x-y plane in the x direction with a velocity V (see the figure on the next
page). The center of the disk is at a distance b from the x-axis. It collides with a
stationary homogeneous disc B whose center is initially located at the origin of the
coordinate system. The disc B has the same mass and the same thickness as A, but
its radius is RB. It is assumed that the velocities of the discs at their point of contact,
in the direction perpendicular to the line joining their centers, are equal after the
collision. It is also assumed that the magnitudes of the relative velocities of the discs
along the line joining their centers are the same before and after the collision.

1) For such a collision determine the X and Y components of the velocities of the two
discs after the collision, i. e. V ′

AX , V ′
AY , V ′

BX and V ′
BY in terms of m, RA, RB, V and

b.

2) Determine the kinetic energies E′
A for disc A and E′

B for disc B after the collision
in terms of m, RA, RB, V and b.

Theoretical Problem 3—Solution

1) When disc A collides with disc B, let n be the unit vector along the normal to the
surfaces at the point of contact and t be the tangential unit vector as shown in the
figure. Let φ be the angle between n and the x axis. Then we have

b = (RA +RB) sinφ

The momentum components of A and B along n and t before collision are:

mVAn = mV cosφ, mVBn = 0 ,

mVAt = mV sinφ, mVBt = 0 .

Denote the corresponding momentum components of A and B after collision by mV ′
An,

mV ′
Bn, mV ′

At, and mV ′
Bt. Let ωA and ωB be the angular velocities of A and B about

the axes through their centers after collision, and IA and IB be their corresponding
moments of intertia. Then,

IA =
1

2
mR2

A, IB =
1

2
mR2

B

The conservation of momentum gives

mV cosφ = mV ′
An +mV ′

Bn , (1)

mV sinφ = mV ′
At +mV ′

tn , (2)

The conservation of angular momentum about the axis through O gives

mV b = mV ′
At(RA +RB) + IAωA + IBωB (3)



The impulse of the friction force exerted on B during collision will cause a momentum
change of mV ′

At along t and produces an angular momentum IBωB simultaneously.
They are related by.

mV ′
BtRb = IBωB (4)

During the collision at the point of contact A and B acquires the same tangential
velocities, so we have

V ′
At − ωARA = V ′

Bt − ωBRB (5)

It is given that the magnitudes of the relative velocities along the normal direction of
the two discs before and after collision are equal, i. e.

V cosφ = V ′
Bn − V ′

An . (6)

From Eqs. 1 and 6 we get
V ′
An = 0 ,

V ′
Bn = V cosφ .

From Eqs. 2 to 5, we get
V ′
At =

5

6
V sinφ ,

V ′
Bt =

1

6
V sinφ ,

ωA =
V sinφ

3RA
,

ωB =
V sinφ

3RB
.

The x and y components of the velocities after collision are:

V ′
Ax = V ′

An cosφ+ V ′
At sinφ =

5V b2

6(RA +RB)2
, (7)

V ′
Ay = −V ′

An sinφ+ V ′
At cosφ =

5V b
√

(RA +RB)2 − b2

6(RA +RB)2
, (8)

V ′
Bx = V ′

Bn cosφ+ V ′
Bt sinφ =

[
1− 5b2

6(RA +RB)2

]
, (9)

V ′
By = −V ′

Bn sinφ+ V ′
Bt cosφ = −

5V b
√

(RA +RB)2 − b2

6(RA +RB)2
, (10)

2) After the collision, the kinetic energy of disc A is

E′
A =

1

2
m(V ′ 2

Ax + V ′ 2
Ay) +

1

2
IAω

2
A =

3mV 2b2

8(RA +RB)2
(11)

while the kinetic energy of disc B is

E′
B =

1

2
m(V ′ 2

Bx + V ′ 2
By) +

1

2
IBω

2
B =

1

2
mV 2

[
1− 11b2

12(RA +RB)2

]
(12)



Grading Scheme

1. After the collision, the velocity components of discs A and B are shown in Eq. 7, 8,
9 and 10 of the solution respectively. The total points of this part is 8. 0. If the result
in which all four velocity components are correct has not been obtained, the point is
marked according to the following rules.

0.8 point for each correct velocity component;

0.8 point for the correct description of that the magnitudes of the relative velocities of
the discs along the line joining their centers are the same before and after the collision.

0.8 point for the correct description of the conservation for angular momentum;

0.8 point for the correct description of the equal tangential velocity at the touching
point;

0.8 point for the correct description of the relation between the impulse and the moment
of the impulse.

2. After the collision, the kinetic energies of disc A and disc B are shown in Eqs. 11
and 12 of the solution respectively.

1.0 point for the correct kinetic energies of disc A;

1.0 point for the correct kinetic energies of disc B;

The total points of this part is 2.0


