Theoretical Question 3: Scanning Probe Microscope

1. Answers
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(b) A non-vanishing dc component exists only when w = w;. In this case the amplitude
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dp = 41 nm.
2. Solutions
(a) [1.5 points]

L . . . d?z  dz 5 .
Substituting z(t) = Asin(wt — ¢) in the equation mog + b% + mwiz = Fysinwt
yields,

2 2 Fo .
—mw” sin(wt — @) + bw cos(wt — @) + mwg sin(wt — ¢) = — sin wt . (al)

Collecting terms proportional to sinwt and coswt, one obtains
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(a2)
Zeroing the each curly square bracket produces
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(b) [1 point]
The multiplied signal is
Vio sin(w;t — ¢;) Vo sin(wt)
(b1)

= % iOVRO [cos{(wi — w)t — (JSZ} — cos{(wi + w)t — gf)l}]

A non-vanishing dc component exists only when w = w;. In this case the amplitude of
the dc signal will be

1
3 i0VRo cOS @; . (b2)

(c) [1.5 points]



Since the lock-in amplifier measures the ac signal of the same frequency with its ref-
erence signal, the frequency of the piezoelectric tube oscillation, the frequency of the
cantilever, and the frequency of the photodiode detector should be same. The magni-
tude of the input signal at the resonance is

 Fy  caceVgo
Vio=cor— = .
wa wa

(c1)

Then, since the phase of the input signal is —g + g = 0 at the resonance, ¢; = 0 and

the lock-in amplifier signal is
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(d) [2 points]
The original resonance frequency wy = y/k/m is shifted to
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Near the resonance, by substituting ¢ — g + A¢ and wy — wp + Awyg in Eq. (a3), the

change of the phase due to the small change of wg (not the change of w) is

T 1 b
—+Ao) =— = .
tan (2 + d)) tan A¢  2mAwy (d3)
Therefore,
2mA
Ap ~ tan Agp = — mb il (d4)
From Egs. (d2) and (d4),
b 102-10712 7 T
Am = —A¢p = = 107 =1.7x 107 ¥ kg. ds
m= e RY 106 1800 1.8 % & (d5)

(e) [1.5 points]

In the presence of interaction, the equation of motion near the new equilibrium position

ho becomes
d?z dz
+b—

mog tho +mwiz — c3z = Fysinwt (el)

where we used f(h) ~ f(ho) + c3z with 2 = h — hy being the displacement from the
new equilibrium position hg. Note that the constant term f(hg) is cancelled at the
new equilibrium position.

Thus the original resonance frequency wg = /k/m will be shifted to

k —c3 mw? — c3 c3
wh = = 0 =wo, /1l ——5. (e3)
m m mwg

Hence the resonance frequency shift is given by

Awozwo[ 1—032—1}. (ed)
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(f) [2.5 points]



The maximum shift occurs when the cantilever is on top of the charge, where the
interacting force is given by

From this,

qQ
f(h) = keﬁ .
df qQ
c3 = — = 2k.—.
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Since Awy << wp, we can approximate Eq. (e4) as
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AWO ~ — .
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From Egs. (f2) and (£3), we have
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Here g = e = —1.6 x 107! Coulomb and Q = 6e = —9.6 x 10~ Coulomb. Using the

values provided,

do = (k

qQ

1/3
) =41x10"%m =41 nm.
mwoAwg

Thus the trapped electron is 41 nm from the cantilever.

3. Mark Distribution

Total | Partial

No. Pt. Pt. Contents
0.7 Equations for A and ¢ (substitution and ma-

(a) 1.5 nipulation)
0.4 Correct answers for A and ¢
0.4 A and ¢ at wq
0.4 Equation for the multiplied signal

(b) 1.0 0.3 Condition for the non-vanishing dc output
0.3 Correct answer for the dc output
0.6 Relation between V; and Vg

(c) 1.5 0.4 Condition for the maximum dc output
0.5 Correct answer for the magnitude of dc output
0.5 Relation between Am and Awyg

(d) 2.0 1.0 Relations between Awg (or Am) and A¢
0.5 Correct answer (Partial credit of 0.2 for the

wrong sign.)
() 15 1.0 Modification of the equation with f(h) and use
of a proper approximation for the equation

0.5 Correct answer
0.5 Use of a correct formula of Coulomb force
0.3 Evaluation of cg

(f) 2.5 0.6 Use of the result in (e) for either Awg or wf —wd
0.6 Expression for dy
0.5 Correct answer

Total 10

(£5)



