I. Solution

1.1 Let O be their centre of mass. Hence

MR—mr=20 (1)
e = MM
O T (R+7)2 2)
GMm
2p
Mealt= e
From Eq. (2), or using reduced mass,
W2 G(M +m)
0 (R+71)3
Hence, w? GIM+m)  GM _ Gm (3)

T " R+r® " r(R+r)? RER+1)?

1.2 Since p is infinitesimal, it has no gravitational influences on the motion of neither
M nor m . For i to remain stationary relative to both M and m we must have:

Mu Gmpu 9 GM +m)u
2 cos by + 2 cos by = pwgp = Wp (4)
GM G
T’M sinf = Tgu sin 0 (5)
1 T3

Substituting Gr—é\/[ from Eq. (5) into Eq. (4), and using the identity sin 6 cosfy +
1
cos 01 sin By = sin(6y + 03), we get

sin(0y +62) (M +m) .
m 2 = (R+r)3’081n91 (6)

The distances 1o and p , the angles #; and 0, are related by two Sine Rule equations

sin '¢1 sin (91

p R
sin ¥y o sin(91 + 92) (7)
ro R+
Substitute (7) into (6)
R (M+m)

1
% - (R+7)* m (10)




Since = Eq. (10) gives

ro=R+7r

(11)

By substituting %” from Eq. (5) into Eq. (4), and repeat a similar procedure, we get
2

rn=R+r

Alternatively,
r1 R 72 r

sin (180° — ¢)  sinf; M sin 0

sinfy R 19 m " T

sinf r 1 M r
Combining with Eq. (5) gives r1 = 1o
Hence, it is an equilateral triangle with
Y = 60°
Py = 60°
The distance p is calculated from the Cosine Rule.
p? =12+ (R+7)?—2r(R+r)cos60°

p=vVr2+rR+ R?

Alternative Solution to 1.2

(12)

(14)

Since p is infinitesimal, it has no gravitational influences on the motion of neither M

nor m .For p to remain stationary relative to both M and m we must have:

Mu Gmpu 9 G(M+m)p
rr% COS¢91 + 7’% C0892 = ,LL(,U p = Wﬂ
GM
2,u sinf = TZ sin 69
1 T2
Note that
1 - R
sin (180° — ¢)  sinf;
T9 T

= fi
sing  sin s (see figure)

sinfy R 19 m  ro
>< —_

sinfo  r ry M r
Equations (5) and (6):

T =T2
sinf; m
sinfy M
Y1 =12
The equation (4) then becomes:
M cos0y +mcosfy = MTQ,O
(R+r)3 !
Equations (8) and (10):
M 2
Sin(0) 4+ 6y) = TP g,

M (R+r)3

(4)

(11)



Note that from figure,
p T

= 12
sintyy  sinfy (12)
Equations (11) and (12):
: M+m rr
sin(0; + 62) = M (R sin 1y (13)
Also from figure,
(R4 7)2 =13 — 2riro cos(fy + 0) + 17 = 2r2 [1 — cos(fy + 65)] (14)
Equations (13) and (14):
. sin 1[)2
01+ 02) = 15
sin(0 +62) 2[1 — cos(01 + 62)] (15)
01 + O3 = 180° — 1p1 — 1y = 180° — 2¢)9 (see figure)
cocosthy = 3, g = 60°, by = 60°
Hence M and m from an equilateral triangle of sides (R + r)
Distance p to M is R+ r
Distance p to m is R+ r
Distance u to O is
R+r 2 V3 ?
p= < 5 —R) +{(R+r)2} =V R?+ Rr+r?
1.3 The energy of the mass y is given by
GMp  Gmp dp ? 2 2
E=- - 5 15
r1 ro Tk dt T (15)

Since the perturbation is in the radial direction, angular momentum is conserved (ry =

ro =R and m = M),
2GMu [ (dp\*, pows
_ 1, ( (2P 1
E " +2’u<<dt +p2 (16)

Since the energy is conserved,
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Since ‘fi—f # (0, we have
2GM @ B pawd

v P e 3

d*p 2GM pawd
P . 20
dt? w P (20)

=0 or

The perturbation from PRy and pg gives R = Ry <1 + %) and p = po (1 + %).

Then
d’p &2 2GM Ap paw?
= o0 = (1 20 ) - B
273 (1+42) o (1+22)
Using binomial expansion (1 +¢)" ~ 1+ ne ,
d*Ap 2GM Ap 3AR 9 3Ap
=— 14+ — 1— —— 1-——. 22
a2 73 P0< + p0> ( Mo >+powo % (22)
Using Ap = %A% ,
d*Ap 2GM Ap  3poAp 9 3Ap
=— 14+ =~ 1- 22, 23
dt? "3 po( T T2 >+p0w0< PO ) 2
Since wg = 2;%‘/[ ,
d*Ap 5 Ap  3poAp > 3Ap
= 1+=F 1 - == 24
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= —w? _2F
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From the figure, pg = Rg cos 30° or ;—% = %,
d’Ap 9 9 7 5
poa —wiAp <4 — 4) = —EwOAp. (27)

V7

Angular frequency of oscillation is %5~ wy .

Alternative solution:

GWM+M) _ GM
(RTR)Y® — 4R% -
of uis V3R , so the perturbed radial distance can be represented by v3R + ¢ where
¢ << V3R as shown in the following figure.

M = m gives R = r and w2 = The unperturbed radial distance

Using Newton’s 2" law,

B 2GMp
{R?+ (V3R +()?}

2
(VBR+ ) = s (VBR+Q) — i’ (VBR +0). (1)

3/2

The conservation of angular momentum gives
pwo(V3R)? = pw(V3R + (). (2)
Manipulate (1) and (2) algebraically, applying ¢(? ~ 0 and binomial approximation.

B 2GM
{R?+ (V3R +()?}

d2¢ W2\V3R
VSR +QO="58 = 0y ¢/vamp
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Let v = speed of each spacecraft as it moves in circle around the centre O. The relative
velocities are denoted by the subscripts A, B and C. For example, vga is the velocity
of B as observed by A.

1.4 Relative velocity

The period of circular motion is 1 year

T = 365 x 24 x 60 x 60 s. (28)

_2
The angular frequency w = %7

The speed v = w =575 m/s (29)

2 cos 30°
The speed is much less than the speed light — Galilean transformation.

In Cartesian coordinates, the velocities of B and C (as observed by O) are

BA

v

For B, ¥ = v cos 60°i — vsin 60°j
For C, ¢ = v cos 60°1 + v sin 60°j

Hence vpc = —2vsin 60°j = —/30j

The speed of B as observed by C is v/3v ~ 996 m/s. (30)

Notice that the relative velocities for each pair are anti-parallel.
Alternative solution for 1.4

One can obtain vpc by considering the rotation about the axis at one of the spacecrafts.

2w
= wl = 10% km) ~
vBo = Wl = e X 60 x G s (0 X 107 km) ~ 996 m/s




