
6. Sphere and Cylinder (7 points)

i) (2 points) Since no energy is lost due to friction on sliding, the change in potential
energy ∆Ep = mgH is transformed to kinetic energy consisting of both translational
and rotational motion. Taking into account the rolling condition v = ωr, we have
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where general expression I = kmr2 for moment of inertia is used. Therefore, v2 =
2gH/(1 + k).

On the other hand, the bodies travel distance x = H/ sinα along the slope with a
constant acceleration a∥ directed parallel to the surface. Let’s express a∥ from the
equation v2 = 2a∥x:

a∥ = g sinα/(1 + k).

The times are now easy to calculate as t = v/a∥, giving
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Replacing ks =
2
5 for sphere and kc =

1
2 for cylinder, we find that the sphere is faster

by a relative factor
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− 1 ≈ 0.035.

ii) (2.5 points) As found in previous subpart, the acceleration’s parallel component
to the slope a∥ is smaller than the contribution by gravity g sinα. The difference is
contributed by the friction force Ff = mg sinα − ma∥. Sliding starts, if the neces-
sary friction reaches the maximal value Fmax = µN = µmg cosα. Equating the two
expressions gives

mg sinα−mg sinα/(1 + k) = µmg cosα,

tanα = µ
1 + k

k
.

For the cylinder the limiting angle is α0 = arctan(3µ).

iii) (2.5 points) When the maximal friction force is reached, the motion goes into
rolling and sliding mode, where the total force component along the surface is given
by the difference of gravity and friction:

F∥ = mg sinα− Fmax = mg sinα− µmg cosα.

We note that the acceleration in this mode does not depend on the moment of inertia
any more.

Calculating the limiting angle of slipping mode also for the sphere αsph = arctan
(
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)
>

α0 shows that for all angles larger than αm = αsph both bodies are in the slipping mode
and thus have equal accelerations and arrival times.


