8. BEAMS

i) The beam in the middle expands aAT = 0.10% due to the temperature increase.
The beams are all between rigid support plates, so they must all have the same final
length. Because the middle beam has expanded, in the limiting case when the maximal
load is applied the middle beam has a strain of 5. The two other beams have a strain
of e = B—aAT, because they haven’t expanded due to temperature. The force applied
by each beam is proportional to its strain, so we can find the ratio of the maximal
allowed weights by calculating the ratio of the sum of strains in the two cases. In the
even temperatures case each beam has a strain of § under the maximal load. So the
fraction of the new maximum weight compared to the original case is

2+ 2x0.30 +0.40

= ~ 0.83.
343 3 x0.40

ii) Denote by €; the strain of the middle beam and by €2 the strain of the outer beams.
Like in the previous part of the problem, the final lengths of the beams have to be the
same. Considering the expansion of the middle beam, we must have

€1 — aAT = €9.

Denote by Ey the Young’s modulus at temperature T' = 0°C. At this temperature the
maximum allowed force is 3SEpfS (S is the area of each of the beams), because each
beam has a strain of 5. So 20% of the maximal load exerts a force of

Fl =0.2x 35E0ﬁ = 06SEO/B

In general the force exerted by the beams at any temperature is given by

F = SE(T)Gl + 2S5 Epes.

The maximal force can be found by setting €; = [ and by substituting e; from above.

Fmax = SE(T)B 4 2SEo(8 — aAT).

By solving Fiax = F1 we can find the temperature we are looking for. We get

SE(T)B +2SEy(8 — aAT) = 0.6SEyS ~ —

E(T) = 2;‘EOAT — 1.4E,.

This is a straight line representing what the Young’s modulus should be such that with
a AT temperature increase of the middle beam the system can maximally support 20%
of the original maximal weight. By plotting this line on the Young’s modulus graph
and finding the intersection point of the two lines we get that AT = 420°C and
T = 420°C.
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