
8. PHAſE ſPıRAL (9 points) — Taavet Kalda.
Here we shall study the motion of Milky Way
stars in the Solar neighbourhood in the dir‐
ection of the z‐axis, i. e. perpendicular to
the galactic plane. For our purposes, we
can model the galactic gravity field as be‐
ing created by a continuous mass density ρ
(that accounts for the masses of stars, dark
matter, gas, interstellar dust, etc), and as‐
sume that thismass forms an infinitemirror‐
symmetric plate, i. e. ρ ≡ ρ(z) and ρ(z) =
ρ(−z) is independent of x and y. Through‐
out the problem, you may assume that each
star’s total energy is conserved over the en‐
tire considered time period. Gravitational
constant G = 6.67 × 10−11 m3 kg−1 s−2 =
4.30 × 10−3 pc M−1

⊙ (km/s)2.
i) (1 point) Assuming that the mass density
is constant over the plate’s thickness. i.e.
ρ(z) = ρ0, what is the acceleration az of a
star at a distance z from the mid‐plane?
ii) (0.5 points)Consider a star that starts with
zero velocity at a distance of z = a from the
mid‐plane. With what period does it start os‐
cillating around the mid‐plane?

In reality, density decreases with growing
|z|. Measuring density has been a great chal‐
lenge because of contributions from dark
and other difficult‐to‐see matter. Here, we
consider a breakthrough method of doing
it. Consider the distributions of the stars in
our neighbourhood on the z–vz phase plane,
where each star is a dot with coordinates
(vz,z); vz denotes the z‐component the star’s
velocity, and z – the vertical coordinate. Ini‐
tially, these dots were distributed nearly ho‐



mogeneously, but some time ago, the Milky
Way was perturbed externally, probably by
a passing‐by dwarf galaxy; this shuffled the
positions and velocities of stars, creating a
bar‐shaped overdensity region. When mov‐
ing within that bar‐shaped region from the
centre to the periphery, the total energy per
mass of stars increased monotonously. Over
time, this overdensity region started “wind‐
ing up”, due to the oscillation periods of stars
in the vertical planedepending on their oscil‐
lation amplitude zm, and evolved into a spiral
pictured below (Antoja et al. 2018, Nature
561, 360). An observation that you need to
exploit below is that the ordering of stars by
energies along the spiral today remains the
same as it was at the time of perturbation.

The oscillation period of stars depends on
the amplitude zm because the gravitational
potential (the potential energy per mass)
Φ(z) is not parabolic. In such a case, the
period can be approximately foundby substi‐
tuting the realΦ(z)with a kz2 matchingΦ(z)
at z = zm, i. e. with k = Φ(zm)/z2m.
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iii) (2.5 points) At the intersection points of
the spiral with vz = 0, calculate Φ(z) by in‐
terpolating data linearly where appropriate;
plot your results (this follows the analysis of
Guo et al. 2024, ApJ, 960, 133).
iv) (1 point) Assuming that the mass density
is almost constant for |z| ≤ 0.3 kpc, what is
the mass density near z = 0?
v) (2 points)Darkmatter is an “invisible” form
of matter that only interacts by gravity. In
general, it is found that dark matter forms

halos that extend significantly farther than
visible matter structures. By assuming that
the dark matter density doesn’t vary signific‐
antly within the volume of interest and that it
starts dominating far away from the galactic
plane, from around z = 0.7 kpc, estimate the
local dark matter density ρDM.
vi) (2 points)How long ago did the perturba‐
tion occur?


